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A new joint measurement scheme for complementary ob-
servables such as path and interference or spin-1/2 com-
ponents is proposed. These observables are represented as
positive operator valued measures (POVMs), whose intrinsic
fuzziness parameters are found to satisfy an intriguing pay-
o relation reflecting the complementarity of path and inter-
ference. A model-independent consideration shows that this
pay-o relation is directly connected with the joint measura-
bility of the POVMs in question.
PACS numbers: 03.65.Bz.
I. INTRODUCTION
In recent years, the issue of path-interference duality
has been the subject of renewed intensive theoretical and
experimental investigation. This duality constitutes an
instance of complementarity in the sense of a mutual ex-
clusiveness of phenomena represented by certain pairs of
noncommuting observables. In an intuitive manner of
speaking, the better the value of one quantity is dened
in a state, the worse is the denition of the value of the
other quantity. This form of complementarity concerns
the possibilities of preparing pairs of properties of a phys-
ical system, properties whose value distributions can be
investigated only by mutually exclusive measurements (of
path or interference observables). We propose to refer to
this as p-complementarity, with p for \preparation".
Complementarity in a related but dierent sense con-
cerns the impossibility of jointly making good path mea-
surements and good interference measurements on the
same system: the setups for these two options are mu-
tually exclusive. This form of complementarity shall be
referred to as m-complementarity, with m referring to
\measurement". The purpose of this paper is to present
a quantitative expression for m-complementarity. We will
exhibit a relation that describes how the two distinct and
exclusive options of sharp path or interference measure-
ments can be reconciled by admitting a degree of un-
sharpness in both types of information. Just as there is
a continuum of quantum states that interpolate between
path eigenstates and interference eigenstates, one should
expect there to be a continuum of quantum observables
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that interpolate between path observables and interfer-
ence observables.
This theoretical possibility has been studied in the con-
text of the theory of positive operator valued measures
(POVMs), which allows for a notion of joint unsharp ob-
servable for noncommuting and in fact complementary
quantities (for an overview, see, e.g., [1]). Early explicit
joint measurement schemes were presented in the lan-
guage of spin-1/2 observables [2,3], following the analy-
sis [4] of a joint position-momentum measurement scheme
due to Arthurs and Kelly [5].
Inspired by recent experiments on path-interference
duality [6,7] we will propose a new realization of a joint
unsharp measurement of path and interference observ-
ables (or of complementary spin-1/2 observables). We
will construct a measurement scheme with four outcomes
and determine the associated POVM. We nd that this
POVM has three two-valued marginal POVMs, one of
which is an interference observable while the other two
are path observables with dierent degrees of intrinsic un-
sharpness. These three marginals will be found to satisfy
an interesting pay-o equation which itself implies pay-o
inequalities for the two complementary observable pairs
involved. We present a model-independent consideration
indicating that the resulting inequalities are generic in
that they constitute necessary and sufficient conditions
for the joint measurability of complementary path and
interference observables.
II. JOINT MEASUREMENT SCHEME USING
ENTANGLEMENT
The following consideration applies to all quantum sys-
tems that can be described in terms of a 2-dimensional
Hilbert space, such as spin-1/2 systems, two-level atomic
systems, or to path and interference observables in two-
way interferometry. For simplicity we use the language
of spin-1/2 systems in the present section.
We will adopt the Poincare sphere notation, with
points on the surface represented as Euclidean unit vec-
tors n and general Pauli spin operators written as σn =
n  σ = n1σ1 + n2σ2 + n3σ3. Then any operator σn with
unit vector n pointing to a point in the equator corre-
sponds to an observable complementary to σ3.
Consider a system consisting of an object o and a probe
p, both represented by two-dimensional Hilbert spaces.
The (normalized) initial state is
jΨii = [αj0io + βj1io] j0ip = jψii j0ip, (1)
1
where jαj2+jβj2 = 1. The states j0i and j1i are the eigen-
states of the Pauli matrix σ3 associated with eigenvalues
1 and 0, respectively. In the context of interferometry,
σ
(o)
3 will be taken to represent a path observable of the
object, while any σ(o)n with n perpendicular to (0, 0, 1)
corresponds to an interference observable.
Applying a suitable unitary operation [7], the state
jΨii is transformed into a maximally entangled state,
αj0ioj0ip + βj1ioj1ip.
This state could be used to obtain unambiguous informa-
tion about σ(o)3 of o by measuring σ
(p)
3 of p. Application
of a further unitary operation [7], parameterized by φ,
transforms this entangled state into the nal state











It is now clear that measuring the probe observable
σ
(p)
3 on either the intermediate state or the nal state
yields information about the corresponding observable
σ
(o)
3 of the object: the part of the superposition contain-
ing j1ioj1ip or j0ioj1ip (resp. j1ioj0ip or j0ioj0ip) must
have evolved from j1ioj1ip (resp. j0ioj0ip). Similarly one
can see that measuring σ(p)1 on the probe will give counts
that vary periodically in φ and thus show interference
patterns.
We propose to explore systematically the idea of ex-
ploiting the entanglement of object and probe to jointly
measure observables of both systems in jΨfi. It will
be found that this leads to a joint measurement scheme
for complementary observables, providing information on
the input state jψii of the object.
We thus propose to measure an observable with the
four spectral projections Po ⊗ Pp on the object-plus-
probe system in the state jΨfi. We write Po =
(I  o  σ)/2, Pp = (I  p  σ)/2, where o =
(sin θo cosφo, sin θo sinφo, cos θo) is a unit vector point-
ing to the point with polar coordinates (θo, φo). Sim-
ilarly, p = (sin θp cosφp, sin θp sinφp, cos θp) denes the
point (θp, φp).
Our aim is to write the outcome probabilities in terms
of the input state jψii. This will give a POVM with four
positive operators (referred to as effects [8]) F, adding
up to the unity, I. For example, the eect F++ will be
uniquely determined by the condition
hψijF++ψii = hΨf jPo+ ⊗ Pp+Ψfi,
which is to hold for all jψii. This condition denes the
object observable measured on the input state jψii by
measuring the observable with the four spectral projec-
tions Po ⊗ Pp on the output state jΨf i. One nds, [9]
F++ = 14 ((1 −AB)I + Mσ1 −Nσ2 − (A− B)σ3) ,
F+− = 14 ((1 + AB)I−Mσ1 + Nσ2 − (A + B)σ3) ,
F−+ = 14 ((1 + AB)I−Mσ1 + Nσ2 + (A + B)σ3) , (3)
F−− = 14 ((1−AB)I + Mσ1 −Nσ2 + (A− B)σ3) .
Here, A = sin θo cos(φo + φ), B = cos θp; M = WY + XZ,
N = XY − WZ, with W = cos(φ− φp), X = sin(φ − φp),
Y = cos θo sin θp, Z = sin θo sin(φo + φ) sin θp.
These four eects can be grouped into two pairs in
three dierent ways, and summing the two elements of
each pair gives a new pair of eects adding up to I. In
this way one obtains three marginal POVMs:
F(1)+ = F++ + F+− =
1
2 (I−Aσ3),
F(1)− = F−+ + F−− =
1
2 (I + Aσ3);
F(2)+ = F++ + F−+ =
1
2 (I + Bσ3),
F(2)− = F+− + F−− =
1
2 (I− Bσ3);
F(3)+ = F++ + F−− =
1
2 ((1−AB)I + Mσ1 −Nσ2) ,
F(3)− = F+− + F−+ =
1
2 ((1 + AB)I−Mσ1 + Nσ2) .
The rst two marginal POVMs are smeared versions of
the sharp (path) observable σ(o)3 since their eects are
combinations of the spectral projections of σ3. The third
POVM is a smeared version of an (interference) observ-
able complementary to σ(o)3 as its spectral decomposi-
tion is in terms of the spectral measure of σn, with
n = (M,−N, 0) perpendicular to the vector (0, 0, 1) asso-
ciated with σ(o)3 .
III. COMPLEMENTARITY AND JOINT
MEASURABILITY
We can see Bohr’s Principle of Complementarity at
work in the present joint measurement scheme. Con-
sider the case in which F(3) becomes a projection giv-
ing interference fringes with maximum contrast, that is,
M2 + N2=1. In this case,
M2 + N2 = sin2 θp[cos2 θo + sin2 θo sin2(φo + φ)] = 1,
hence sin2 θp=1 and sin2(φo + φ)=1 or sin2 θp=1 and
cos2 θo=1. Either case implies that A2 = sin2 θo cos2(φo+
φ)=0 and B2 = cos2 θp=0 i.e. AB=0. So, demanding
that there is an interference pattern with maximum con-
trast, i.e. that F(3) is a sharp observable, means that
there is no path information, as the two path marginal
POVMs become trivial: F(1) = F
(2)
 =I/2.
Conversely, if we require that F(2) is a sharp observ-
able, i.e. that the measurement provides perfect path
information, then jBj=j cos θpj = 1 and M=N = 0, giv-
ing F(3) = (1  jAj)I/2. Similarly, if F(1) gives sharp
path information, F(3) = (1  jBj)I/2. Hence we nd
for this joint measurement scheme: if one of a pair of
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complementary marginal observables is sharp the other
is trivialized.
It is possible to go further and give a quantitative re-
lationship expressing this form of (m-)complementarity.
A natural measure for the quality, or contrast, of the
smeared path and interference observables given above
is the dierence between the largest and smallest eigen-
values of each of the eects F(j) . This quantity can be
determined as the greatest possible probability for the
associated outcome, minus the smallest possible proba-
bility. In the case of a projection, that number is 1-0=1.
Thus, the closer the contrast of one of the above marginal
POVMs is to 1, the closer its eects are to projections.
The eigenvalues of the eects of the rst marginals,
F(1) are (1  jAj)/2 and (1  jAj)/2. The eects of
the second marginal, F(2) have eigenvalues (1 jBj) /2
and (1 jBj) /2. The eect F(3)+ of the third marginal
has the eigenvalues
(
(1−AB)pM2 + N2 /2. Those
of the other eect, F(3)− , of the third marginal are =(
(1 + AB)pM2 + N2 /2.
We thus obtain for the contrast of each of the marginals
F(1), F(2), and F(3) the values C1 = jAj, C2 = jBj, and
C3 =
p
M2 + N2, respectively. After some manipulation
it can be seen that,
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Here (5) is a state independent relationship between
two unsharp path observables and an unsharp interfer-
ence observable. It says that there is a pay-o: the bet-
ter the contrast of the interference observables, the the
worse the contrast of both path marginals must be; and
vice versa.
We can take 1 − C2 as a measure of the intrinsic un-
sharpness, or fuzziness of the POVM. This becomes ev-
ident if one calculates the variance of, say, the POVM
F(1), considered as a smeared version of the observable





t dhFtiρ, and putting ρ = (I + r  σ)/2, we obtain
t = hF(1)+ iρ − hF(1)− iρ = Ar3, and
Varρ(F(1)) = 1−A2r23
= Varρ(σ3) + (1 −A2)(1 −Varρ(σ3)). (6)
Here we have used the relation Varρ(σ3) = 1 − r23 . The
minimum of the variance in (6) over all ρ is obtained at
eigenstates of σ3, where one obtains the value 1−A2 (as
r3 = 1). This minimal spread of outcomes reflects the
intrinsic fuzziness of the measurement, that is, the uncer-
tainty as to what the actual value prior to measurement
was.
Equation (5) implies the following pay-o relations for




+ A2  1, (M2 + N2 + B2  1. (7)
Which in terms of the contrasts are,
C23  1− C21, C23  1− C22, (8)
or, introducing the unsharpness Ui = 1− C2i ,
U1 + U3  1, U2 + U3  1. (9)
It appears as if the relations (5), (8) are consequences
of the fact that the observables F(1), F(2) and F(3) are
jointly measurable. Similar results were obtained in dif-
ferent joint measurement models, and with other mea-
sures of unsharpness, in [4,10]. In the present case, we
can go one step further and show the converse, at least
for a special case: conditions of the form (8,9) are in
fact sufficient conditions for the joint measurability of
unsharp path and interference observables.
In [2], one of the authors formulated necessary and suf-
cient conditions for unsharp spin-1/2 observables to be
jointly measurable (i.e. their eects occur in the range
of a common POVM). A pair of two valued POVMs,
F(1) = (I a  σ)

2g and F(3) = (I b  σ)

2g is
jointly measurable exactly when ja+bj/2+ ja−bj/2  1.
If a and b are perpendicular, the two POVMs represent
unsharp versions of complementary observables. In this
case the coexistence condition assumes the form,
jaj2 + jbj2  1. (10)
This is indeed equivalent to the pay-o relationships
(7) deduced from the model where a = (0, 0,A) or
a = (0, 0,B), and b = (M,−N, 0).
If we put B = 0 into the model, the pay-o relation re-
duces to (M2 +N2)+A2 = 1. Hence this pay-o relation,
taken as an expression of complementarity and deduced
from the model, is equivalent to the joint measurability
condition in the special case where B = 0 (or similarly
where A = 0).
We leave it as an open question as to what
the joint measurability condition looks like for a
pair of POVMs F(1) = (IAσ3) /2, F(3) =
((1− L)I (M,−N, 0)  σ) /2. It would also be of inter-
est to establish a criterion for the joint measurability of a
triple F(1),F(2),F(3) consisting of two unsharp path ob-
servables and an unsharp interference observable of the
above forms.
IV. CONCLUSION
In an experiment of Du¨rr, Nonn and Rempe [6] two-
level internal states of an atom are entangled with the
atom’s space degrees of freedom and are thus used as
a path marker in an interferometer. This experiment
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was considered as a demonstration that the encoding of
path information and the ensuing destruction of inter-
ference patterns can be achieved solely through entan-
glement with a path marker system: the mechanical in-
teractions (\momentum kicks") being negligibly small, it
would seem that they cannot account for the \washing
out" of the interference.
The conclusion was drawn that complementarity (or
\particle-wave duality") can appear as a result of entan-
glement, without the need for Heisenberg’s uncertainty
relation. We will scrutinize this interpretation in a sepa-
rate publication [11]. At this point it suces to note that
the payo relations (8,9) are in themselves expressions of
Heisenberg’s uncertainty principle and at the same time a
reflection of m-complementarity: as Heisenberg relations
they represent sucient conditions for the joint measura-
bility of a pair of noncommuting quantities, while as com-
plementarity relations they constitute pay-o relations,
indicating the necessary price for the joint measurability.
Inspired by the experiment of [6], Zhu et al [7] car-
ried out an analogous test of complementarity for spin-
1/2 systems. They use nuclear magnetic resonance tech-
niques to entangle the spin states of the 13C nucleus
with those of the 1H nucleus in a chloroform molecule,
13CHCl3.
The 13C nucleus is taken to be the object system (o),
while the 1H nucleus serves as the probe (p). The uni-
tary operations used to transform the initial state jΨii
into the nal state jΨf i are realized in this experiment
by application of electromagnetic pulse sequences with
appropriate frequencies or eld gradients.
The probability of nding 13C(o) in the nal state j0io
is α2/2 + β2/2 = 1/2. (In [7], α and β are always real.)
This being a constant independent of φ means that the
(Ramsey) interference fringes [7] are washed out. Such
a measurement can be realized by measuring σ(p)3 on
the probe. It thus appears that with the availability of
sharp path information, the observation of interference
becomes impossible.
However, Zhu et al point out that measuring the ‘co-
herence’, αβ sinφ, between the nal states j0ioj0ip and
j0ioj1ip does reveal interference fringes because the ‘co-
herence’ depends on φ. A measurement of the ‘coherence’
can be realized by measuring the probe observable σ(p)1 ,
which in the present case has to be done jointly with a
measurement of σ(o)3 : interference will then become visi-
ble in the subensemble of systems with the object found
in the state j0io.
Zhu et al point out that in their setup they have
achieved the observation of sharp path information to-
gether with good contrast interference fringes, in a sin-
gle experiment. They have done so by simultaneously
applying suitable reading-out pulses to object and probe
in their nal state jΨf i. They claim that the measured
‘population’ and ‘coherence’, both recorded as functions
of the parameter φ, match the ideal curves that one would
expect in the separate and mutually exclusive experi-
ments described in the preceding two paragraphs (which
measure the mutually non-commuting observables σ(p)3
and σ(p)1 ). Using the POVM analysis developed above,
one can verify that for a wide variety of choices of the vec-
tors p, o, the statistics of the POVM (3) allows one to
recover the path probabilities, or populations α2, β2, as
well as the coherence term αβ. A more detailed analysis
of the experiment by Zhu et al is given in [9].
A duality relation of the form V 2+D2  1 has been de-
duced in recent years, which expresses a pay-o between
a measure D of path distinguishability and the visibil-
ity V of interference fringes [12,13]. These measures are
characteristics of the quantum state ρ and can be de-
termined separately in measurements of sharp path and
interference observables.
The inequality V 2 +D2  1 bears resemblance in form
to (8) but their signicance is fundamentally dierent:
the quantities V,D refer to the object state and to mu-
tually exclusive measurement of sharp path and interfer-
ence observables; a generalization to arbitrary pairs of
unsharp path and interference observables is straightfor-
ward [14]. By contrast, the inequalities (8) describe a
state-independent relation between specic pairs of un-
sharp path and interference observables, namely those
which are jointly measurable. The former relation is an
expression of p-complementarity while the latter reflects
m-complementarity.
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